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Abstract

The sub-models for collisions and coalescence are important components of the spray model in multi-
dimensional computations of Diesel sprays. These models influence the computed drop sizes, which affect
the overall characteristics of the spray. Typically, the droplet interaction model is separated into two parts:
first, calculating the collision rate between particles, and second, calculating the probability of coalescence
once a collision has occurred. While the collision frequency may be estimated from kinetic theory con-
siderations, a criterion has to be specified to determine the outcome of the collisions. The outcome may be
bouncing, coalescence, stretching separation, or reflexive separation. The coalescence efficiency is defined as
the probability that two drops will permanently merge into one drop, given that a collision between the two
drops has occurred. Current approaches to modeling the coalescence efficiency are based on experimental
observations of binary water drop collisions under atmospheric conditions. However, in the last decade
experimental evidence has become available that suggests that the collision behavior of hydrocarbon drops
may differ significantly from that of water drops. More recent experiments suggest that the effects of
ambient pressure may also be significant. This paper presents a comparison of the computed outcome of
drop collisions in a Diesel spray to that of recently published experimental observations. Possible ways to
employ the recent findings in multidimensional spray models are discussed. Results of a model modified to
reflect this new information is presented and compared with the original model. Limitations of the new
model are discussed. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The modeling of liquid drop collisions and coalescence is important in modeling of Diesel
sprays because collisions in a dense spray may have a significant impact on the mean drop size of
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the spray (O’Rourke and Bracco, 1980) and also on the dispersion and velocities of the drops
(Gavaises et al., 1996). Since the droplet lifetime is approximately proportional to the square of
the droplet diameter, the distance a droplet travels in a combustion chamber will have a strong
dependence on the droplet size. In many diesel engine applications it is often undesirable for the
spray droplets to travel far enough to impinge on the cylinder walls. Modeling of the droplet
collision rate and coalescence efficiency is important in multidimensional computations to predict
the penetration of the liquid drops (Aneja and Abraham, 1998). Droplet collisions may be es-
pecially important in the dense spray region where the droplet number density is the highest. The
droplet interaction models that are commonly used (O’Rourke and Bracco, 1980; Gavaises et al.,
1996) are based upon experimental observations of the behavior of water droplets. Recent ex-
perimental evidence (Jiang et al., 1992; Qian and Law, 1997) suggests that the collision behavior
of hydrocarbon drops at elevated pressures can be significantly different than that of water drops
at atmospheric pressure. These results will be reviewed in the next section. The impact of the
difference in behavior between hydrocarbon and water drops on computed spray characteristics
will also be discussed.

2. Experimental observations reported in literature

Until recently, most experimental studies on coalescence in binary drop collisions focused on
water drops under atmospheric conditions due to meteorological interests. These studies include
that of Brazier-Smith et al. (1972), whose results are often used in spray models, as well as the
work of Ashgriz and Poo (1990) and others in the context of meteorology, as reviewed by Orme
(1997). It is found that the outcomes of collisions can be described well by three non-dimensional
parameters: the Weber number, We, the impact parameter, B, and the drop size ratio, c.

We ¼ qjv1 � v2j2ðr1 þ r2Þ=r ð1Þ
where q and r are the density and surface tension of the liquid phase and v1 and v2 are the ve-
locities of the smaller and larger drops, respectively, and r1 and r2 are the radii of the smaller and
larger drops, respectively.

B ¼ b=ðr1 þ r2Þ ð2Þ
where b is calculated by taking the distance from the center of one drop to the relative velocity
vector placed on the center of the other drop. This is illustrated in Fig. 1. It can also be seen that
B ¼ sin h, where h is the angle between the line of centers of the drops at the moment of impact
and the relative velocity vector. When B ¼ 0 the collision is directly head-on, and when B ¼ 1, the
drops just barely graze each other. Drop size ratio can be defined in one of two ways.

c ¼ r2=r1 ð3Þ
D ¼ r1=r2 ¼ 1=c ð4Þ

where r2 > r1. The definition for D is often used in order to obtain a parameter, like B, that varies
between 0 and 1.
Only recently have quantitative experimental results with hydrocarbon drops been published

(Jiang et al., 1992; Qian and Law, 1997; Estrade et al., 1999). These three works are summarized
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in Table 1, along with the often cited results from Brazier-Smith et al. (1972), for comparison.
Law and co-workers (1992, 1997) find that there are five distinct possible outcomes for a binary
drop collision:

1. slow coalescence,
2. bounce,
3. coalescence,
4. reflexive separation,
5. stretching separation.

These regimes are shown in Fig. 2 on a We–B map. They can be described as follows: as the two
drops approach each other, the air between them becomes trapped and the pressure can rise in the
gap between the drops. If the drops are travelling slowly enough then the air has time to exit
before the drops touch, so that slow coalescence can occur. However, if the drops’ relative velocity

Fig. 1. Diagram illustrating the definition of impact parameter: B ¼ b=ðRS þ RL).

Table 1

Summary of important measurements of collision outcomes for drops

Author and

year

Liquid fuel Ambient

gas

Weber

number

Drop size

(lm)
Ambient

pressure

(bar)

Drop rela-

tive velocity

(m/s)

Drop size

ratios

Estrade et al.

(1999)

Ethanol Air 5–200 80–300 1.0 3.0–12.0 1 and 2

Qian and Law

(1997)

Tetradecane and

water

Nitrogen 0.2–80 200–400 0.6–2.4 0.4–5.0 1

Jiang et al.

(1992)

Water and Nor-

mal alkanes

Air 0–60 �150 1.0 0.4–4.0 1

Brazier-Smith

et al. (1972)

Water Air 0–80 150–750 1.0 0.3–3.0 1–2.5
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is higher, there is not enough time for the gas to escape, and the pressure forces that arise will push
the drops apart so they do not actually touch. This is referred to as bounce. The phenomenon of
droplet bounce is not observed in water drops for head-on collisions at atmospheric pressure. At
even higher drop velocities, the gas film that is formed between the drops can actually be absorbed
into the liquid, so that coalescence can occur. At high Weber numbers, the drops have excess
kinetic energy, and this can lead to separation of the drops from the temporarily coalesced drop.
At high impact parameters, the drops tend to stretch apart, while for near-head-on collisions the
drops can oscillate and undergo a reflexive separation. It has already been pointed out that water
drops behave differently than hydrocarbon drops. In addition, the work of Qian and Law (1997)
also shows that there are significant changes in the bouncing characteristics of drops from 0.6 to
2.4 atm. Fig. 3 shows their map of collision regimes at the higher pressure of 2.4 atm. The slow
coalescence regime becomes undetectable as the high pressure makes it difficult for the drops to
push away the ambient air without losing their kinetic energy. In order to quantitatively assess the

Fig. 2. Collisions outcome map for tetradecane drops in nitrogen environment. Ta ¼ 300 K, Pa ¼ 1 bar (Qian and Law,
1997).

Fig. 3. Collisions outcome map for tetradecane drops in nitorgen environment. Ta ¼ 300 K, Pa ¼ 2:4 bar (Qian and
Law, 1997).
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effect of the ambient pressure on the collision outcomes, we can define a critical Weber number,
Web, as the boundary between bounce and coalescence for an impact parameter of 0. Fig. 4 shows
how the experimentally measured value of Web varies for all of the gas–liquid systems that Qian
and Law (1997) considered as a function of ambient pressure. It is obvious that Web increases with
ambient pressure, which implies that bounce is more important at higher ambient pressures.
Furthermore, Qian and Law (1997) found that when vapor of a hydrocarbon species is added to
the ambient, hydrocarbon drops are less likely to bounce and more likely to coalesce, and this
effect becomes more significant as the ambient vapor content is increased. In this paper, we in-
clude the effects of pressure on bounce through a correlation derived from the experimental data.
This will be discussed in a later section.
The work of Law and co-workers was the first quantitative work on hydrocarbon drops. Es-

trade et al. (1999) also made measurements for ethanol drops of equal size and size ratio of two
(i.e. c ¼ 1 and 2). They also found that once separation, or fragmentation, occurs at a given
impact parameter the number of satellite drops, or residues, increases as the Weber number is
increased. Menchaca-Rocha et al. (1997) also made observations for mercury drops rolling on a
glass surface. Unlike other works, they were able to measure the number, size, and velocity of the
drops after a separation. However, their work may not be quantitatively comparable to other
works in the literature, since the mercury drops also roll across the glass surface, as well as
translate through space.
There are several limitations of the body of experimental works available in the literature, from

the point of view of application to Diesel sprays. As Menchaca-Rocha et al. (1997) point out, any
out-of-plane motion of the drops will not be captured with cameras, and interactions between the
induced flow field of drops with the drop behind them is possible due to the small spacing between
drops. Also, the experiments are typically limited to drop sizes of 100 lm and greater, Weber
numbers below 100, and drop size ratios below 3, whereas in typical Diesel spray computations
the drops are O(1 lm), Weber numbers can be O(1000), and drop size ratios O(10). As a result, the
criteria we employ to determine outcomes of collisions have not been assessed for accuracy under
Diesel spray conditions. The number of satellite drops formed, as well as their sizes and velocities,
is not recorded. Furthermore, the effect of ambient gas properties such as density and viscosity is

Fig. 4. Dependence of observed bouncing of drops on ambient gas pressure.
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not well understood, as well as the role of liquid viscosity or the Van der Waals forces of at-
traction. A submodel for shattering collisions that takes into account highWe number effects has
also been considered. This is also discussed later.

3. The contribution of this work

This work provides an assessment of the adequacy of the commonly used expressions for
coalescence efficiency in multidimensional models for Diesel sprays. The characteristics of binary
drop collisions under diesel conditions are discussed, and modifications to the current model
are proposed. Implementation of these modifications is performed and the results are presented.
The results are compared with those obtained from standard models that are currently employed.
These recent expressions are, in part, based on experimental observations of the collisions of
hydrocarbon droplets, as opposed to water droplets in earlier experiments. The need for further
modifications is discussed. Differences in the computed structure of the spray in the dense spray
regime and effects on mean drop sizes and liquid phase penetration are discussed.

4. The multidimensional model used for diesel computations

The model employed in this work is an axisymmetric version of a more general model for
computing flows, sprays, and combustion in internal combustion engines (Magi, 1987, 1999). The
model solves the unsteady, turbulent two-phase flow of liquid drops in gas. The gas phase is
treated in an Eulerian fashion. The general ensemble-averaged conservation equations of mass,
momentum, energy and species for unsteady compressible flows are solved with sub-models for
turbulence and heat and momentum fluxes at the walls. Turbulence is modeled using the k–e
model and the heat and momentum fluxes at the wall with wall functions.
The liquid phase is treated in a Lagrangian frame of reference using the discrete parcel ap-

proach (O’Rourke and Bracco, 1980). Since there are too many drops in a typical Diesel spray to
track individually, the drops are collected into parcels. Each parcel contains a number of drops
that have identical size, velocity, and temperature. The parcels of drops are tracked in space and
time. The drops that compose the parcel are assumed to be uniformly distributed throughout the
Eulerian gas cell in which the parcel is located. The liquid and the gas momentum are coupled
through the drag and pressure forces. Atomization is modeled by a line source of drops (Chatwani
and Bracco, 1985). The initial angle of the spray, the size of the injected drops and the steady
intact core length are derived from Taylor’s theory of the rate of growth of perturbations on
planar liquid surfaces induced by gases flowing over it. The resulting expressions can be found in
Refs. (Magi, 1987; Chatwani and Bracco, 1985).
Drop dispersion due to turbulence is modeled using the eddy-lifetime approach of Gosman and

Ioannides (1981). A secondary drop break-up model is also used (Reitz and Diwaker, 1987). The
vaporization rate is modeled by solving the quasi-steady equation for mass and energy conser-
vation for individual drops (O’Rourke and Bracco, 1980). The expression for drop size is
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�dddrop ¼ Bd
2pr
qaU 2

T

k�
m ð5Þ

Here Bd is a constant that depends on the nozzle geometry, UT is the velocity of the fastest
growing unstable wave, which is proportional to the injection velocity. Following Bracco (1985)
and Chatwani and Bracco (1985), we have taken the value for the constant Bd to be 0.62. Fol-
lowing Chatwani and Bracco (1985), UT ¼ 0:25	 U0, where U0 is the injection velocity of the
spray, and k�

m is a function of the liquid viscosity parameter in Taylor’s theory of drop formation
(Bracco, 1985).
Collision and coalescence are modeled using the approach of O’Rourke and Bracco (1980). The

collision frequency between drops is calculated based on the number density of drops and relative
velocity between the drops. Unfortunately, this methodology leads to a dependence of the
computed collision rate on the spatial grid resolution employed. This is illustrated in Fig. 5, where
the same computation is performed on two different spatial grids. These sprays are computed for
an injector orifice of 0.246 mm with an injection velocity of 460 m/s, and ambient conditions of
1000 K and 14.8 kg/m3, which are representative of the conditions inside a Diesel engine. The
instantaneous liquid penetration is defined as axial position of the parcel that has traveled
the furthest from the orifice. This is discussed further in the work of Aneja and Abraham (1998).
The outcome of a collision can either be coalescence or separation. The criterion for drop sepa-
ration after collision is the Brazier-Smith model, which is discussed in detail in the next section.

5. Models for outcomes of collisions

5.1. Traditional approach to modeling collision outcome

Once a collision has occurred, the outcome of the collision must be determined. Collisions are
calculated by a statistical, rather than a deterministic, approach. Either all of the drops in the
parcel collide, or none of them collide. It is also assumed that the drops are uniformly distributed

Fig. 5. Resolution dependence of computed spray penetration for a Diesel spray.
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in the computational cell. The criterion for separation is that the rotational energy of the co-
alesced drop exceeds the surface energy required to reform the original drops from the coalesced
pair. The coalescence efficiency, Ecoal is defined as the probability of coalescence once a collision
has occurred. O’Rourke and Bracco (1980) employ, based on Brazier-Smith et al.’s (1972) deri-
vation

Ecoal ¼ minð1:0; 2:4f ðcÞ=WeÞ ð6Þ
where the complex function f ðcÞ is approximated by a polynomial for simplicity

f ðcÞ ¼ c3 � 2:4c2 þ 2:7c ð7Þ
The Brazier-Smith model is a relatively simple energy balance model. Assuming no dissipation,
they calculated the rotational energy of the drop pair as a function of the impact parameter and
the density of the liquid and the relative impact velocity. The increase in surface energy that would
be required to reform the original drops from the temporarily coalesced drop pair is calculated,
which is a function of the drop size and the drop size ratio. The resulting expression, Eq. (6), can
be formulated solely in terms of the Weber number, impact parameter, and drop size ratio. The
strong drop size ratio effect arises because the Weber number is based on the size of the smaller
drop. For a constant Weber number and smaller drop size, increasing c increases the size of the
larger drop. The larger the size of the larger of the two drops, the more easily it can absorb the
smaller drop.
This criterion is shown on a three-dimensional collision outcome map in Fig. 6. The surface

shown represents the boundary between permanent coalescence and stretching separation. If a
point lies above the surface, the excess kinetic energy of the temporarily coalesced drop pair is too
great for it to remain stable, and it splits into the original two drops. O’Rourke and Bracco (1980)
term this a grazing collision. If the collision is a grazing collision, an appropriate amount of ki-
netic energy is dissipated in the process, which is determined by the impact parameter. Satellite
drop formation is not included in the model of O’Rourke and Bracco (1980).
The definition of coalescence efficiency implies that off-center collisions are more likely than

head-on collisions. Brazier-Smith et al. (1972) define the coalescence efficiency to be equal to the

Fig. 6. Three-dimensional map identifying stretching separation and coalescence regimes (Brazier-Smith et al., 1972).
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square of the impact parameter. Since the collision events in Diesel spray computations are
stochastic rather than deterministic, the impact parameter for each collision is not calculated
deterministically. O’Rourke and Bracco choose a random number from a uniform distribution in
the range [0,1]. If the random number is less than the coalescence efficiency then coalescence
occurs, otherwise the collision is considered a grazing collision. The implication of this definition
is that in a turbulent spray, all values of the square of the impact parameter are equally likely in
binary collisions, which results in a distribution for the impact parameter, B, that is biased to-
wards values closer to 1. The impact parameter is chosen in this way since off-center collisions are
more likely than near-center collisions due to the greater cross-sectional area associated with large
values of B. This is true because the differential cross-sectional area for collision associated with a
particular value of B is 2pBdB. After normalization, this yields a pdf for B

pdfðBÞ ¼ 2B ð8Þ
for 06B6 1. Fig. 7 shows the pdf for B, along with the results of a discrete simulation that verify
this pdf. In the simulation a large number of drops are allowed to pass through a window at a
distance, H, away from an equal sized drop at the coordinate axes origin. The window has a
characteristic dimension five times greater than the drop size. The initial position of the drop and
the three components of its velocity are chosen from uniform random distributions. The drops are
assumed to travel in a straight line and the impact parameter is calculated for all drops that collide
with the drop at rest in the center of the domain. The results are found to be insensitive to the size
of the window and its position, provided both are significantly larger than the drop size.
Similarly, following the explanation of Gavaises et al. (1996), an equivalent method is to choose

a random number, yy, in the range (0,1), and then calculate

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyyÞðr1 þ r2

p
Þ ð9Þ

b2cr ¼ ðr2 þ r1Þ2 minð1:0; 2:4f ðcÞ=WedÞ ð10Þ
If b < bcr, where bcr is the critical impact parameter, then the result of every collision is coales-
cence. If bP bcr, then every collision is a grazing collision, but the drops’ velocities do change.

Fig. 7. Results of 25	 106 discrete simulations with droplets released a distance H from target drop and with random
initial orientation and velocity.
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Here the critical value of b, rather than Ecoal has been calculated directly, and Eq. (10) is equiv-
alent to Eq. (6) using the definition of Ecoal ¼ B2 ¼ ðb=ðr1 þ r2ÞÞ2.
If coalescence does occur, then the number of coalescences, n, is determined by finding the value

of n for which

Xn�1
k¼0

Pk 6 xx <
Xn

k¼0
Pk ð11Þ

For each of the larger drops, which is also called a collector drop, n droplets are subtracted from
their associated parcel, and the properties of the collector drops are appropriately modified using
the conservation equations. If there are not enough droplets to have n coalescences with each
collector, then n is recomputed so that all N2 droplets coalesce, and the parcel associated with the
droplets is removed from the calculation.
If a grazing collision is the outcome of the collision, then only one collision is calculated for

each drop. Grazing collisions are calculated between N pairs of drops, where N is the minimum of
N1 and N2 The N collectors and droplets are then returned to their parcels in such a way that mass,
momentum, and energy are conserved. The velocity of each particle after a grazing collision is
given by

Unew
1 ¼ U1r31 þ U2r32 þ r32ðU1 � U2Þzz

r31 þ r32
ð12Þ

where

zz ¼ B� Bcr
ðr1 þ r2Þ � Bcr

ð13Þ

5.2. Reflexive separation model

The criterion proposed by Ashgriz and Poo (1990) for reflexive separation is given by

We > 3½7ð1þ D3Þ2=3 � 4ð1þ D2Þ�Dð1þ D3Þ2

D6g1 þ g2
ð14Þ

where the parameters g1 ¼ 2ð1� nÞ2ð1� n2Þ1=2 � 1 and g2 ¼ 2ðD � nÞ2ðD2 � n2Þ1=2 � D3, and
n ¼ ð1=2ÞBð1þ DÞ. g1 and g2 are the fractions of the drops’ kinetic energy that participates in the
reflexive separation process. This is based on a balance between kinetic energy and surface energy.
They assume that after the contact the two drops form a flattened disc which quickly changes
shape to a cylinder which stretches out under the force of the internal flow of the fluid moving in
opposite directions. It would then seem to be logical to use a simple balance between this effective
reflexive energy and the nominal surface energy. However, once the cylinder has stretched far
enough for a thin ligament to form, the surface energy can then be reduced by forming two drops,
so that separation can occur even if the reflexive energy is less than the surface energy. Based on
Rayleigh’s linear theory, they calculate that if the effective reflexive energy is more than 75% of the
nominal surface energy, then reflexive separation will occur. This criterion shows good agreement
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with their experimental results. Their criterion is shown in Fig. 8. It can be seen here that as for the
Brazier-Smith model, coalescence becomes more likely for unequal sized drops.
Tennison et al. (1998) performed computations where Ashgriz and Poo’s (1990) reflexive

separation criterion is included. They attempted to model kinetic energy dissipation for reflexive
separation. They also attempted to include bounce, but did not include the effects of impact
parameter or drop size ratio on bounce.

5.3. Bounce model

Estrade et al. (1999) provide the first expression to predict bouncing. Based on their experi-
mental observations, they assume that the drops deform into semi-spherical shapes as they ap-
proach each other. If the deformation of the drops as they approach each other produces an
increase in surface energy that is greater than the initial kinetic energy of the pair, then the drops
will bounce. They neglect viscous forces and dissipation. The criterion for coalescence to occur is
given by

We >
Dð1þ D2Þð4/0 � 12Þ
v1ðcosðarcsinBÞÞ

2
ð15Þ

where /0 is the shape factor,

v1 ¼ 1�
1

4
ð2� sÞ2ð1þ sÞ if s > 1:0

or

v1 ¼
1

4
s2ð3� sÞ if s6 1:0

and s ¼ ð1� BÞð1þ D). The shape factor /0, which is a measure of the deformation of the drops
from their initial spherical shape, is given a value of 3.351 by Estrade et al. (1999). This is shown
on a three-dimensional map in Fig. 9. In this figure, where the surface represents the boundary
between bouncing separation and coalescence, any point below the surface leads to a bouncing

Fig. 8. Reflexive separation and coalescence regimes from criteria of Ashgriz and Poo (1990).
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separation. There are two limitations to this criterion. First, the parameter /0 must be fit to ex-
perimental data. Second, interaction with the ambient fluid is neglected, so this model cannot
reproduce Qian and Law’s (1997) experimentally observed results of bounce becoming more
prevalent at higher ambient pressures, and less prevalent as the vapor content of the ambient is
increased.

5.4. Modeling the effect of pressure

It can be seen from Fig. 4 that the critical Weber number for bouncing varies with ambient gas
pressure, or density since the temperature is held constant, with a less than linear dependence. For
drops in a Diesel spray the Reynolds numbers will be O(100). For this range of Re, the drag
coefficient can be expressed as

CD ¼ 24
Re

1

�
þ Re2=3

6

�
ð16Þ

For high Re, then CD � Re�1=3. The drag force on a drop is

FD ¼ CD
p
8

qaV
2d2 ð17Þ

Hence, the drag force, FD, is proportional to the ambient density to the 2/3 power. If we then
assume that the deformation energy of the drops in the bouncing regime will be proportional
to the drag force, then the critical shape factor in Eq. (15) for bouncing should increase with the
ambient gas density to the 2/3 power. This would lead to an approximate dependence of Weber
number on ambient density to the 2/3 power, which is in qualitative agreement with the experi-
ment trends shown in Fig. 4. Therefore, for modeling sprays in high-pressure environments, we
have modified Eq. (15) such that

/0 ¼ /0
0ðqa=q0Þ

2=3 ð18Þ

Fig. 9. Three-dimensional map identifying bouncing separation and coalescence from criteria of Estrade et al. (1999).
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where q0 ¼ 1:16 kg/m3. For tetradecane, Jiang et al. (1992) found that at B ¼ 0, Web ¼ 14 under
atmospheric conditions. For a gas density of 14.8 kg/m3, this dependence will lead to a critical
Weber number Web ¼ 52 at B ¼ 0.

5.5. Modeling shattering collisions

One possible outcome of drop–drop collisions is the break-up of the original drops into smaller
drops. There are two possible ways that this could happen. One of the ways appears to be a
surface-tension dominated phenomenon which has been referred to as ‘‘spattering’’ by Gunn
(1965) and Park (1970) and the other is drop pulverization which is referred to as ‘‘shattering’’ by
Park (1970). However, Georjon and Reitz (1999) refer to the surface-tension dominated phe-
nomena as ‘‘shattering’’. To add to this terminology, Frohn and Roth (2000) use the term
‘‘splashing’’ to refer to what appears to be the surface-tension dominated phenomena. In this
work, we will employ the term ‘‘shattering’’ to refer to the surface-tension dominated phenomena
following the work of Georjon and Reitz (1999). Georjon and Reitz (1999) proposed a model for
shattering collisions between drops. They assumed that after the drops collide they form a liga-
ment, which stretches due to the inertia of the collision. One limitation of their work is that it is
assumed all the satellite drops have the same size, whereas the experimental works (Jiang et al.,
1992; Qian and Law, 1997) indicate that the satellite drops are usually much smaller than the
parent drops. This could also be a function of impact parameter, which will influence the size of
the ligament between the drops. The higher the value of the impact parameter, the smaller the
volume of fluid interacting, and hence the smaller the size of the ligament. They derive the fol-
lowing equation, which governs how the size of the cylinder changes with time

€rr ¼ 9rr4c
16qR60

� 27rr7c
32qR90

þ 3 _rr
2

r
ð19Þ

Here rc is radius of the cylinder and R0 is the radius of the spherical drop that would be formed if
the two original drops coalesced. A severe limitation of this model is that it increases the com-
putational time. However, this limitation can be dealt with by recognizing that shattering colli-
sions will only be important at high Weber numbers. Taking Eq. (19) and non-dimensionalizing it
using the transformations r� ¼ rc=Ro and t� ¼ 0:5tU=Ro, the equation can be re-written as:

€rr� ¼ 9

4We
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D�33

p r�4 � 27

8We
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D�33

p r�7 þ 3 _rr
�2

r�
ð20Þ

with the boundary conditions: r�ð0Þ ¼ 1 and _rr�ð0Þ ¼ �0:75 a, where a is a constant of O(1).
Taking the limit of high We, we can eliminate the first two terms on the right-hand side of Eq.
(20). The resulting equation has the analytical solution

r� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:5at� þ 1

p ð21Þ

Combining this with the non-dimensional breakup time

t� ¼ 9:24
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
We

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D�33

pq
r�3=2 ð22Þ
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and taking the highest order term yields the following expression for the size of the cylinder at
breakup. Using a value of a ¼ 0:44, this yields the drop size formed due to shattering as

r�child ¼
1:89ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2:81We2=7ð1þ D�3Þ2=21 þ 1
q ð23Þ

It is worth noting that we have not included the effects of the ambient gas on initializing or en-
hancing the waves which breakup the cylinder. While Frohn and Roth (2000) find the onset of
shattering collisions to be between We ¼ 1000 and 1800, Willis and Orme (2000) have noted that
shattering does not occur in a near-vacuum environment even for Weber numbers up to 3200.
However, Gunn (1965) and Park (1970) have observed ‘‘spattering’’ to occur atWe<200. Georjon
and Reitz use their criterion when We>100.

5.6. A composite collision outcome model

A new coalescence model is now described which takes reflexive separation and bounce into
account, as well as rotational separation. This composite model is formulated by first using Eq. (9)
to calculate b, and then B, with the Weber number and drop size ratio known. Then Estrade
et al.’s (1999) criterion, Eq. (15), is used to determine whether or not bouncing has occurred. If

Fig. 10. Comparison of analytical and experimental collision regimes. Pa ¼ 1 bar; equal size drops.
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bounce has not occurred, then coalescence has occurred, at least temporarily. Then the criteria of
Brazier-Smith et al. (1972), Eq. (10), and Ashgriz and Poo (1990), Eq. (14), are employed to
determine whether a separation has occurred. Even though there are many expressions in the
literature for stretching separation, e.g. Menchaca-Rocha et al. (1997), we have chosen to con-
tinue to use the Brazier-Smith criterion because it the fits experimental data as well as any of the
other proposed criteria (Ashgriz and Poo, 1990; Menchaca-Rocha et al., 1997) and it is easy to
employ computationally. O’Rourke and Bracco’s (1980) original model for kinetic energy dissi-
pation has not been modified in the case of reflexive separation or bouncing, i.e. no kinetic energy
is dissipated. Also, as in the work of Tennison et al. (1998), we do not employ Jiang et al.’s (1992)
corrections for liquid phase properties, since these are empirical in nature and also do not account
for possible changes in the shapes of the curves with varying impact parameter or drop size
ratio.
Fig. 10 presents a comparison of the new composite model discussed above with the experi-

mental results of Qian and Law (1997) for equal size drops. While adding the models of Ashgriz
and Poo (1990) and Estrade et al. (1999) provides better qualitative agreement than using only the
Brazier-Smith et al. (1972) model, there are still significant quantitative differences.

6. Computational domain and conditions

There are two separate sets of computations reported here. In the first set, computations are
reported in a 5 cm	 5 cm	 0.5 cm domain where parcels are uniformly distributed in the domain.
We have employed several spatial resolutions in our computations. The resolution will be re-
ported as N1 	 N2 	 1, where N1 is the number of cells axially and N2 is the number of cells
radially. There is one cell in the depth of the volume. A key assumption in the Lagrangian-
drop-Eulerian-fluid model is that the parcels (and drops) are uniformly distributed in space. The
domain and parcel distribution have been selected to approximate this. The initial mean velocities
in the domain are zero, but initial values of k and e are specified such that the mean turbulence
intensity, ð2k=3Þ1=2, is 2200 cm/s and the turbulence length scale, 0.16432 k3=2=e, is 0.34 cm. As a
result of the turbulence, the parcels will move and interact. The second set of computations re-
ported is in the axisymmetric chamber shown in Fig. 11. Injection and chamber conditions
are selected to approximately match those in the measurements of Siebers (1998), which is of

Fig. 11. Computational grid employed.
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relevance to Diesel sprays. Parcels are injected at a rate of 5000 parcels/ms over the 2 ms duration
of the injection event. The orifice diameter is 246 lm and the injection velocity is 460 m/s. The fuel
is tetradecane, which has a density of 763 kg/m3 and a surface tension of 0.022 J/m2 at 300 K. The
drops are injected along the centerline of the cylinder of radius 5.4 cm and length 10.8 cm. A
uniform resolution of 80 cells axially and 48 cells radially is used, so that the cell size is of the
order of 1 mm. Higher resolution computations are also presented. For the conditions corre-
sponding to the experiments of Qian and Law (1997) with an ambient of nitrogen at 1.0 atm, the
Sauter mean diameter (SMD) of the injected drops is 9.5 lm, and with the ambient at 2.4 atm, the
SMD is 4.1 lm, while for the computations corresponding to Siebers’ (1998) experiments, with an
ambient density of 14.8 kg/m3, the SMD is 0.84 lm. These drop sizes are obtained from Eq. (5).
Unless mentioned otherwise, the ambient temperature for the spray computations is 1000 K.

7. Results and discussion

Fig. 12 shows the SMD of the drops in the ‘‘box’’ geometry as a function of time obtained by
employing the Brazier-Smith et al. (1972) model for coalescence efficiency. Results are presented
for four resolutions. It may be seen that the results do not change significantly for resolutions
greater than 40	 40	 1. At 100 ms after start of computation, the SMD has increased from an
initial value of 2 lm to about 2.85 lm, an increase of greater than 40%. Fig. 13 shows the results
when the composite coalescence model proposed here is employed and compares them with results
from the model of Brazier-Smith et al. (1972). Results are presented for the same two resolutions
where convergence is achieved. At 100 ms after start of computation, the SMD has increased to
about 2.17 lm with the composite model, an increase of less than 10%, whereas it has increased to
about 2.85 lm with the Brazier-Smith et al. (1972) model, an increase of over 40%. Hence, the
composite model predicts a noticeably lower coalescence efficiency relative to the Brazier-Smith
et al. (1972) model. The primary difference between the two models is the inclusion of the sub-
model for bounce, which reduces the tendency to coalesce.

Fig. 12. Computed SMD for 10,000 parcels uniformly distributed throughout a 5	 5	 0:5 cm domain at 300 K, 1.16
kg/m3. 1000 drops per parcel. Brazier-Smith et al. (1972) coalescence model employed.
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We have also examined how the model for shattering collisions affects the computed outcomes.
Fig. 14 shows results with the composite model when shattering collisions are not included and
compares them to computations when we have allowed shattering to occur for collisions with
We > 100 in one case and for We > 1000 for another case. The choice of these cut-offs forWe are
somewhat arbitrary and are meant to give insight into how shattering collisions might affect
computed results. In the computations with shattering, shattering is only allowed to occur after a
rotational or a reflexive separation has been predicted by the composite model. Shattering does
not occur after a bouncing separating, since the drops do not actually touch during bouncing and
the disruption of the drops’ surfaces necessary for shattering does not occur. As can be seen in
Fig. 14, there is negligible difference in results when shattering is allowed for We > 1000. This
indicates that most of the collisions in this problem are atWe lower than 1000. When shattering is

Fig. 13. Computed SMD for 10,000 parcels uniformly distributed throughout a 5	 5	 0:5 cm domain at 300 K, 1.16
kg/m3. 1000 drops per parcel. Brazier-Smith et al. (1972) and composite models are compared.

Fig. 14. Computed SMD for 10,000 parcels uniformly distributed throughout a 5	 5	 0:5 cm domain at 300 K, 1.16
kg/m3. 1000 drops per parcel. Grid resolution is 40	 40 cells.
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predicted for We > 100 there is a larger difference initially as the drop size reduces by about 10%.
The differences arise in the early stages of computation when the We numbers are larger and
shattering is more dominant. As the initial turbulence in the box decays, the We of the collisions
becomes lower and the drops stop shattering and coalesce. To assess the impact of the coalescence
model on computed Diesel sprays, computations were carried out in the axisymmetric chamber
described in the previous section.
Results of spray computations with the new composite coalescence model will now be pre-

sented. Fig. 15 shows the frequency of occurrence of collision outcome with the Brazier-Smith et
al. (1972) model, the composite model with gas density effects included and the composite model
with gas density and shattering effects included. The results shown are for a spray with an in-
jection velocity of 460 m/s and with the chamber at 1000 K and 14.8 kg/m3. For the case shown,
when the Brazier-Smith et al. (1972) model is employed, coalescence occurs in about 53% of
collisions and stretching separation in 47% of the collisions. When the composite model is em-
ployed, with gas density effects included, but not the model for shattering collisions, coalescence
occurs in about 5% of the collisions, stretching separation in about 16% of the collisions, bounce
in about 78% of the collisions and reflexive separation in about 1% of the collisions. The sig-
nificant difference relative to the Brazier-Smith et al. (1972) model is the dominant effect of
bounce. When the model for shattering is included, shattering occurs in about 6% of the collisions.
For comparison, results with the Brazier-Smith et al. (1972) model are also shown. Fig. 16 shows
the computed penetration and Fig. 17 the SMD. Results where the model does not include density
effects and where it includes such effects are shown. See Section 5.4 for a discussion of the model.
It can be seen that at a resolution of 80	 48, corresponding to grid dimensions of about 1.2 mm,

Fig. 15. Frequency of collision outcomes with different models for a spray computation.
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which is typical of engine computations, there is not much difference in the computed penetration
or SMD of the spray. At Weber numbers that are greater than about 30, the inclusion of Estrade
et al.’s (1999) original bounce model is largely inconsequential. This can be seen in Fig. 10, where
for equally sized drops, above a Weber number of 30 all of the predicted bounces would have been

Fig. 16. Liquid penetration for resolution of 80	 48 cells. U0 ¼ 463 m/s.

Fig. 17. Instantaneous SMD of drops in chamber for resolution of 80	 48 cells.
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predicted as separations with the Brazier-Smith et al. (1972) model. Including the effects of the
higher chamber gas density does not have a significant effect at this resolution.
However, at higher resolutions, significant differences are seen in the computed SMD, as shown

in Fig. 18. Here a grid resolution of 220	 110 is employed. At the highest resolution of 220	 110
cells, the cell size is 0.49 mm, which is twice the orifice diameter. The difference between the three
coalescence models is accentuated due to the increase in the computed apparent collision rate as
the grid size is decreased. At the lower resolutions, differences between models are overwhelmed
by numerical errors. The challenge here is that the grid resolutions that are typically employed in
spray computations are unable to capture the physics with adequate accuracy. Hence, there are

Fig. 18. Computed SMD for highest resolution of 220	 110 cells. 1000 K, 14.8 kg/m3.

Fig. 19. Liquid penetration fro a resolution of 80	 48 cells. In all cases the composite model with density effects is
used.
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noticeable and significant differences in outcomes between the different models. Nevertheless, it is
encouraging that the qualitative changes observed in Fig. 18 are in the right direction.
For the lowest resolution used of 80	 48 cells, including the effects of shattering collisions

decreases the mean liquid penetration by about 8%, as can be seen from Fig. 19. In the model of
Georjon and Reitz (1999) shattering collisions occur for Weber numbers greater than about 100.
There is no consensus in the literature about the We number above which shattering becomes
dominant. We have also performed a computation where we have allowed shattering collisions
only for We > 1000. Results are shown in Fig. 19. For these computations, roughly one-third of
the collisions occur at Weber numbers less than 100, one-third for 100 < We < 1000, and one-
third at We > 1000. Fig. 20 shows the corresponding SMD for the same computations as in Fig.
19. Consistent with the previous graph, we find that including shattering collisions lowers the
mean drop size by a small amount, here about 20%, and the computation where we have restricted
shattering to only collisions of We > 1000 lies about midway between the computation without

Fig. 20. Instantaneous SMD of drops in chamber for resolution of 80	 48 cells. In all cases composite model with
density effects is used.

Fig. 21. Instantaneous SMD of drops in chamber for resolution of 220	 110 cells.
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shattering collisions and the one with shattering for We > 100. Fig. 21 shows the computed SMDs
for the same three computations shown in Fig. 21, except that the high-resolution grid of 220 by
110 cells is used. Here the computations with no shattering collisions and shattering collisions for
We > 1000 are very close together, while the computation with shattering collisions for We > 100
has a SMD that is about a factor of two lower. Shattering collisions may be important in a Diesel
spray, but there is a need for considerable research in this area, especially in the possible affects of
the ambient gas properties on shattering collisions. These computations, Figs. 16–21, in sprays
show the interplay between effects of models and numerical resolution. If insufficient numerical
resolution is employed, as is typical of diesel engine computations, the inadequacies in the
numerics may dominate differences in models.

8. Summary and conclusions

Current models for the outcome of drop–drop collisions in Diesel sprays are based on the
criterion proposed by Brazier-Smith et al. (1972) for water drops about 30 years ago. Recent
measurements of drop-drop interactions indicate that there are significant differences in collision
outcomes when hydrocarbon drops are employed. In this work, a composite model that accounts
for the physics of hydrocarbon drops is implemented in a multidimensional model for Diesel
sprays. The composite model accounts for bounce, grazing and reflexive separation and coales-
cence in drop–drop collisions. Effects of chamber density and shattering collisions are also in-
cluded and shown to have an effect on the outcomes. It is shown that the composite model results
in significantly lower coalescence rate compared to the Brazier-Smith et al. (1972) model. How-
ever, in the case of Diesel sprays, numerical inadequacies are more dominant than the inaccuracies
associated with the collision/coalescence model.
There are several limitations of the composite model that have to be addressed. The experi-

mental results on which the model is based have been carried out at pressures that are lower than
10 atm, whereas diesel injection is typically into an environment where the pressure is 50–100 atm.
The effects of the differences in density on the outcomes of collisions may not be negligible as
shown by Qian and Law (1997). We have proposed a model that includes the effects of density,
but this model is derived from experimental data at 10 atm or less. Furthermore, the measure-
ments are typically for equal-sized drops or drops that have a size ratio of 2. In Diesel sprays, the
drop size ratios may be 10 or greater. The effect of these size ratios is not known. Additional
studies of these parameters, and of effects of liquid properties apart from density and surface
tension have yet to be carried out. Aerodynamic effects apart from bounce, effects of ambient
vapor content and temperature are not considered. There is a need for considerable work in this
area.
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